In the recent work [Proc. of SPIE 7801, 7801-2/1-12 (2010), Opt. Eng. 50(5) (2011), in press], we have reported on improvement of the Developmental Long Trace Profiler (DLTP), a slope measuring profiler available at the Advanced Light Source Optical Metrology Laboratory, achieved by replacing the bulk pentaprism with a mirror based pentaprism (MBPP). An original experimental procedure for optimal mutual alignment of the MBPP mirrors has been suggested and verified with numerical ray tracing simulations. It has been experimentally shown that the optimally aligned MBPP allows the elimination of systematic errors introduced by inhomogeneity of the optical material and fabrication imperfections of the bulk pentaprism. In the present article, we provide the analytical derivation and verification of easily executed optimal alignment algorithms for two different designs of mirror based pentaprisms. We also provide an analytical description for the mechanism for reduction of the systematic errors introduced by a typical high quality bulk pentaprism. It is also shown that residual misalignments of an MBPP introduce entirely negligible systematic errors in surface slope measurements with scanning deflectometric devices.
INTRODUCTION
Starting from the canonical and often repeated tenet that the quality of x-ray and EUV optics must improve to keep pace with the ever evolving next generation light sources, we acknowledge that error reduction in metrological instruments and techniques is vital. From SEM and TEM on the small scale to scanning deflectometric devices at the large scale, there will always be room for improvement.
In the realm of flat and slightly curved synchrotron optics, the primary factors limiting the overall beamline performance tend to be the figure error and RMS slope variation. At present, and for the foreseeable future, optical scanning deflectometric devices provide the highest quality metrology for these types of optics. Currently, requirements for these optics 1,2 are pushing the limits of the absolute accuracy of even the best optical scanning deflectometric devices, i.e. the the Nanometer Optical Component Measuring Machine (NOM) at Helmholtz Zentrum Berlin (HZB)/BESSY-II (Germany) [3] [4] [5] [6] and the Extended Shear Angle Difference (ESAD) instrument at PTB (Germany). [7] [8] [9] With this in mind we undertook a systematic review of the fundamental components involved in a typical scanning deflectometric device and identified the scanning pentaprism as a component potentially limiting overall performance, which can easily be improved upon. By replacing traditional bulk material pentaprisms with a mirror based alternative, the two refracting interfaces and complexities due to potentially inhomogeneous material are eliminated. In addition, a mirror based pentaprism (MBPP) allows for far greater quality control when selecting the reflecting components. In any pentaprism system, the combination of the topography of each of the reflecting (and refracting) faces leads to an effective curvature, which imbues the pentaprism with a focusing/defocusing quality. Using a mirror based pentaprism allows one to 4 suppress this spurious focusing effect through the selection of high quality mirrors and optimizing their relative orientation.
In recent work, 10 we have reported on improvement of the Developmental Long Trace
Profiler (DLTP), 11 a low budget slope measuring profiler available at the Advanced Light Source
Optical Metrology Laboratory (OML), achieved by replacing the bulk pentaprism with an
MBPP. An original experimental procedure for optimal mutual alignment of the pentaprism mirrors has been suggested and verified with numerical ray tracing simulations. It has been experimentally shown that the optimally aligned MBPP allows for elimination of systematic errors introduced by inhomogeneity of the optical material and fabrication imperfections of the bulk pentaprism and to significantly improve the reliability of the DLTP measurements.
Measurements of flat and slightly curved optics made with the upgraded DLTP have shown that the overall absolute accuracy is very close to 50 nrad, which is the limit set by the specified repeatability of the autocollimator in use.
In this paper we analytically demonstrate how the performance of a typical deflectometric scanning device can be improved by switching from a typical bulk pentaprism to an optimized MBPP. We address the concern of alignment of the MBPP by including two optimal alignment procedures, which are derived from an analytic consideration of the problem. The two procedures are suitable for different MBPP designs, which have different advantages.
Furthermore, through our analytic derivations we show that residual misalignments of the MBPP contribute a negligible systematic error to optical scanning deflectometric measurements. Our analytical approach to the problem of optimal alignment of mirrors of an MBPP is an extension of the method for optimal alignment of a bulk pentaprism of a scanning deflectometric device presented in Ref. 12 
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DEFLECTOMETER'S SYSTEMATIC ERROR RELATED TO PENTAPRISM
In the deflectometric device under consideration, a scanning pentaprism is used to optically connect the surface under test (SUT) and an optical slope measuring sensor (e.g., autocollimator, pencil beam interferometer, etc.). A scanning pentaprism arrangement effectively solves the problem of measurement error due to wobbling of the translated carriage. 13 However, there are three primary concerns with using a traditional bulk pentaprism. The first is related to the requirements for precise mutual alignment of the pentaprism, optical sensor, and translation system. 10, 12 Basically, this problem does not depend on type of pentaprism;
however, as we show below, it can be more easily addressed with the use of an MBPP.
The second concern is related to the bulk material itself. As the tilt angle of the surface under test varies, so too does the optical path through the bulk material. Thus, any inhomogeneity in the material will introduce an error in the measurements. By construction, an MBPP does not suffer from any such complexities.
The third concern with a bulk pentaprism is the figure errors of the reflecting and refracting surfaces. In the first approximation, the figure errors can be modeled with as an effective curvature. Although an MBPP will have an effective curvature as well, the control of such an effect is significantly greater as suitable mirrors can be hand selected and oriented. 10 The result of such an effective curvature is the contribution of a systematic error to measurements, which primarily manifests itself when measuring curved optics.
To understand consequences of the effective curvature, we model the pentaprism as a curved mirror oriented such that a ray traveling along the longitudinal axis of the autocollimator is reflected by exactly 90 degrees towards the surface under test, Fig. 1 . In this case, if the incoming ray is not incident perfectly normal on the SUT, then the ray reflected back will be 6 incident on a different point of the curved mirror. Conceptually, there is a systematic effect related to the effective curvature of the pentaprism, which is coupled to the tilt angle of the SUT and its distance from the pentaprism. The character of this systematic effect is determined through the following analysis.
A ray exiting the autocollimator in the x direction towards a curved mirror (model of the pentaprism) is incident at point 1 P , which has coordinates 
where R is the radius of the cylindrical mirror, which models the curvature of the pentaprism. If At this point, it is useful to examine a specific case, namely the DLTP. 10, 11 In its original form, 11 a bulk pentaprism with an aperture size of 30 mm × 30 mm was used. In order to minimize the systematic error, five pentaprisms made of Homosil 101 were fabricated with the specified surface quality of λ/10, s/d 40/20, angle tolerance 3", and with anti-reflection coating on the two working surfaces. The pentaprisms were carefully tested with the ZYGO TM GPI interferometer and the best pentaprism, which had an effective radius of curvature of about 350 m, 11 was selected for the DLTP. The effective radii of curvature for the remaining four pentaprisms were on the order of 200 m. In typical operation, the SUT is placed 0.14 m from the center of the pentaprism.
Using the above numbers for d and R , we can estimate the systematic effect incurred in measurements of a curved optic. Figure 2 shows a plot of the error in the measured angle V in µrad versus the actual tilt angle V of the SUT in mrad. The error is determined as the difference in the actual tilt angle V of the SUT and the measured (simulated) autocollimator reading of the angle V in the vertical direction. 10 The range of the horizontal axis in Fig. 2 , is chosen to correspond to the measurable range of the autocollimator used in the DLTP. 11 We can interpret this data as a linear error term of 1.1 µrad/mrad. The existence of this type of error will affect the determination of the figure and can also result in an increased rms slope variation. As an 8 example, consider an ideal 15.000 m spherical optic. The measured radius would be 14.983 m with an rms slope variation of 0.018 µrad. The non zero rms slope variation appears because the error due to the effective curvature is not entirely linear, even in the simplified case of a cylindrical curvature.
The effective curvature of the MBPP currently in use on the DLTP has been measured to be 9000 m. 10 In this case, the systematic error is reduced by a factor of 25, thus contributing a linear error term of only 0.04 µrad/mrad. Using the same example of the ideal 15.000 m spherical mirror, the measured radius of curvature would be 14.999 m with and rms slope variation of 0.001 µrad.
Recall that preceding analysis was performed assuming the effective curvature of the pentaprism took a cylindrical shape. In reality, the effective shape of the pentaprism will be more complex, but the same the basic results as above will apply.
It is also worthwhile to mention the cost benefits. A single bulk pentaprism, like that which is mentioned above, costs on the order of $1,000, whereas the mirrors used for the MBPP cost on the order of $100. Thus, together with kinematic mounts, the MBPP, basically speaking, offers the same cost at about 25 times increase in performance.
ALIGNMENT PROCEDURES
Background
The primary concern when using an MBPP is the ability to achieve optimal alignment.
Traditional bulk pentaprisms can be fabricated with angular tolerances down to just a few µrads.
A comprehensive study on the alignment of such pentaprisms in deflectometric scanning devices has yielded novel alignment procedure that reduces systematic errors to a sub nrad level. 12 With an MBPP, however, the initial alignment of the two reflecting faces will, in general, be much 9 worse than that of a precision machined bulk pentaprism. Achieving a high accuracy in the relative orientation of the two mirrors in an MBPP is the focus of this section.
The majority of the terminology and strategy for developing the following procedures is based on Ref. 12 Fundamentally, the present work can be viewed as an extension of the approach described in this work. Although the present work is self consistent, it is suggested that the reader be familiar Ref. 12 To discuss the alignment of an MBPP we introduce the terms parallel error, denoted by , and wedge error, denoted by of , Fig. 3a . The wedge error is easily visualized and understood; it"s the deviation from the ideal wedge angle of 45° between mirrors M1 and M2
that produces the desired 90° deflection of the incoming beam. The parallel error is the difference in the roll angles of the M1 and M2 mirrors. Sufficiently minimizing the wedge error is straightforward and can be accomplished in a number of ways. 10 Minimizing the parallel error, however, is more complex and requires a dedicated procedure. Note that the slightly different definitions of the two errors in Fig. 3b are made simply to facilitate two different alignment procedures considered below.
Assuming the two mirrors of the MBPP are mounted to adjustable kinematic stages we present two procedures, relevant for different MBPP designs, for minimizing alignment errors.
Furthermore, we discuss the influences of residual misalignments on typical measurements within a scanning deflectometric device. For each of these alignment procedures we will assume the MBPP is integrated into a scanning deflectometric device - Fig. 4 . Thus, it is assumed that an autocollimator projects a beam that is deflected 90 degrees by the MBPP to probe a surface under test. The vertical and horizontal angles of the returning beam are measured by the autocollimator. For the purposes of developing an alignment procedure we assume the SUT is an ideally flat surface.
Before delving into the analytical description of the problem, it is prudent to clarify some of the terminology as there are many components and angles involved. The symbols , and will be used to denote pitch, roll and yaw angles with subscripts used to denote the specific component - Fig. 4 . With respect to the mirrors M1 and M2, the pitch and roll axes are defined as a pair of orthogonal axes tangential to the mirror"s reflecting face with the origin at the center of the mirror. In the optimal configuration, the pitch axis is parallel to the y axis. The yaw axis would be the axis normal to the mirror"s surface, but rotations about these axes are superfluous.
When rotations of the whole pentaprism are discussed, the pitch, roll and yaw axes are taken to be in the direction of the y, x and z directions, respectively. The origin of this coordinate frame is taken to be the center of the MBPP.
Finally, the axes of rotation for the SUT (Fig. 4) will be similar to those of the M1 and M2 mirrors, i.e. a pair of orthogonal axes which are tangential to the SUT"s surface with the pitch axis parallel to the y axis and the origin at the center of the SUT.
Alignment procedure 1
The first alignment procedure is relevant for an MBPP design which allows for independent rotations of one of the mirrors M1 and M2 in pitch and roll and rotations of the two mirrors as a whole unit. In this case we use the definitions of parallel error and wedge error as illustrated in Fig. 3a . This type of design is intended to allow the user to align the two mirrors into an optimal optical square arrangement and then independently align the entire unit in a deflectometric scanning device according to the procedure described in Ref. 12 
The reference coordinate system is set by the autocollimator with 0 ac ac as . Therefore, the autocollimator readout is defined as ½ of the deflection angle of the reflected beam, corresponding to the equivalent tilt angle of the SUT. The subscripts pp, st, and ac stand for pentaprism, surface under test (Fig. 4) , and autocollimator, respectively.
We introduce here the yaw test and roll test. These are the terms given to two unique procedures which provide two parameters used to guide the optimal angular alignment of the pentaprism and of the surface under test (SUT) relative to the coordinate system of the autocollimator which is provided by its two perpendicular measuring axes and its optical axis.
The first term, yaw test, refers to a series of measurements made in order to guide the optimal alignment of a reference flat SUT and autocollimator in relative roll angle. It is accomplished by adjusting the pentaprism about its yaw axis through a range of angles (about ±4.8 mrad, this range of angles is chosen to match the measurement range of the autocollimator) and plotting the measured V (vertical angle) vs. H (horizontal angle) dependence. There is a linear relation between these two quantities and when the slope, M yaw , is minimized, the relative roll angle between the SUT and autocollimator is also minimized. The second term, roll test, refers to series of measurements made in order to guide the optimal alignment of the pentaprism about its yaw axis. It is performed by adjusting the pentaprism about its roll axis and plotting the V vs. H dependence. There is a quadratic relation between these two quantities and the location of the vertex, H roll , guides the alignment of the pentaprism about its yaw axis. The pentaprism is optimally aligned in yaw when H roll 0.
The introduction of and results in slight modifications in the equations found in
Ref. 12 for the parameters M yaw and
Assuming M yaw 0 and considering the parabolic dependence of the angle V on the angle H during the roll test, its vertex value V roll V(H roll ) can be derived from Eqs. (5) - (8) 
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This provides an analytic foundation for the development of an alignment procedure.
Experimentally, the above considerations can be realized by performing a series of roll tests in which the roll angle of the M2 mirror (Fig. 3a) is successively incremented. That is, a roll test is performed, then M2 is adjusted in and the roll test is repeated, thus yielding a series of quadratic dependences. The vertices of these quadratic dependences themselves exhibit a quadratic dependence, as dictated by (9). The vertex of this quadratic dependence occurs when the parallel error, , is equal to zero. With the parallel error equal to zero, the value of H roll is then used to align the pentaprism unit about its yaw axis.
A note on the accuracy of the approximations in (5) and (6): for a variation of all parameters within ±480 µrad, the V angle according to (5) deviates no more than 8.1 nrad, and the H angle according to (6) no more than 1.3 µrad from the exact values derived by ray tracing.
Alignment procedure 2
A second alignment procedure is provided here for an MBPP design, which allows only independent rotations of the mirrors M1 and M2. There is no possibility to manipulate the MBPP as whole unit. The advantage of this design compared to the previous design is that there is one less moving part. Such a design has been implemented in (HZB)/BESSY-II NOM. 5, 6 To facilitate the description of this procedure some new terms are introduced. An M1 or M2 scan refers to a test, similar to the traditional roll test, in which the M1 or M2 mirror is rotated about its roll axis through a range of angles (about ±4.8 mrad Again, an alignment procedure is developed through the same approach as in Ref. 10 using ray tracing and a correlation analysis. A slight modification of the definition of the parallel and wedge errors have been introduced to account for the independent rotations of M1 and M2, Fig. 3b . In this case, the V and H angles can be rewritten as 
The M1 scan is described analytically as a variation of 1 with the vertex described by the relation
From (12) and (13) we can derive the horizontal angle H 1 of the vertex as
i.e., its location is zero, independent of the other parameters.
From (14), with the help of (12) and (13), the corresponding vertical angle V 1 of the vertex can be derived as
Now, a variation of the parallel error 2 of M2 of the optical square is performed. V(H ) can be described by a parabolic function again with its vertex defined by the relation
From (12) and (13) 
From (17), with the help of (12) and (13), the corresponding vertical angle V 2 of the vertex can be derived as
From (16) and (19) we can deduce
For completeness, we perform an SUT roll test by a variation of st . In this case, V(H ) can be described by a linear function with its slope M st defined by the relation
The preceding analytic solution provides the framework for understanding the following alignment procedure. The M2 scan is repeated as M1 is incrementally adjusted about its roll axis, with the goal to obtain H 0. In this configuration, the MBPP is optimally aligned relative to the autocollimator with the parallel error equal to zero.
Effects of non zero parallel error
Below we perform an analysis on the influences of a non zero parallel error on the performance of slope measurements, including the effect of crosstalk between the tangential and sagittal slopes of the SUT.
Assuming an initial optimal angular adjustment of the SUT and of the optical square according to the procedures described in Ref. 12 and above, i.e., M 
Note that st (the yaw angle of the SUT, Fig. 4 ) and pp (the pitch angle of the optical square) do not need to be considered as they do not influence the measured angles V and H according to (5) and (6) . 
Putting (27)- (30) in (5) results in the measured V angle
Therefore, the error V in the measurement of changes in the slope of the SUT, st , is given by
Equation ( (5) and (6) are accurate to better than 9 nrad for variation of all parameters within +/-0.5 mrad. Accordingly, minimizing the wedge and parallel errors to the level of 0.5 mrad and applying the optimal alignment procedure eliminates all systematic errors due to the misalignments present in the optical square to below 9 nrad, well below the typical noise level of an autocollimator.
Secondly, in the presence of angular errors ( pp pp ) 0 in the roll and yaw orientation of the optical square during its movement, changes in the sagittal slope of the SUT, st , result in residual V angle errors (due to the mutual interaction of the angular errors, i.e. crosstalk) which affect the measurement of the SUT"s tangential slope. However, these contributions are of second order in angle.
For completeness: putting (27)- (30) in (6) 
Again, note that the optimal alignment procedure renders the wedge and parallel errors irrelevant, as is the case for the measured V angle. However, with the H angle the error contributions from changes in angular orientation of the optical square, i.e. due to wobble, contribute in the first order. Consequently, an optical square (or pentaprism) achieves no error reduction with respect to measurement of the sagittal slope of the SUT.
CONCLUSION
We have analytically examined the opportunity to improve the performance of typical optical scanning deflectometric instruments through the use of a mirror based pentaprism instead of traditional bulk material pentaprisms. The motivation for this switch is to remove any potential complexities due to the homogeneity of the bulk material and to improve upon the effective curvature. We have provided an analysis of the errors introduced to slope measurements as a result of this curvature. It has been shown that this type of error affects the overall determination of the figure of an optic and can lead to an increase in the measured rms slope variation due to its non linear character.
As has been shown in Ref. 10 , an MBPP can be assembled using relatively inexpensive gold coated mirrors such that the effective curvature is reduced by a factor of 25 compared to a far more expensive precision machined bulk pentaprism. As the systematic error depends on the effective radius of curvature of the pentaprism to first order, an MBPP will suppress this spurious effect by a factor of 25.
The advantages of precision machined pentaprisms lie in the tight tolerances on angular errors of the relative orientation of the reflecting and refracting faces as well as their stability.
However, through a comprehensive analytical review of two different MBPP designs we have determined the following. Easily executable alignment methods exist and have been suggested.
Residual misalignments of the MBPP on the order of 0.5 mrad contribute entirely negligible errors to slope measurements.
The two MBPP designs reviewed have specific advantages. The design which allows global rotation of the MBPP (rotations of the entire MBPP unit) allows one to follow the robust alignment procedure described in Ref. 12 after properly aligning the M1 and M2 mirrors. It also allows for easy integration of the MBPP into other applications. The second design in which the independent rotations of M1 and M2 are the only degrees of freedom will have improved stability compared with the previous design as there is one less moving part.
Finally, the experimental results provided in Ref. 10 are in excellent agreement with the analytic considerations provided here. (SUT pitch and roll axes). The coordinate system for simultaneous rotation of the two mirrors about three axes (PP pitch, roll, and yaw axes) is also shown to facilitate the discussion of the optimal alignment procedures for two different MBPP designs.
